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A b s t r a c t  
W e  p r o v e  t h e  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s  f o r  e q u a t i o n  ( 1 . 1 )  u s i n g  d e g r e e  
t h e o r e t i c  m e t h o d s .  T h e  u n i q u e n e s s  o f  p e r i o d i c  s o l u t i o n s  i s  a l s o  e x a m i n e d .  
K e y  w o r d s  a n d  p h r a s e s :  p e r i o d i c  s o l u t i o n s .  r e s o n a n t  o s c i l l a t i o n s ,  c a r a t h e o d o r y  c o n d i t i o n s  
Ma t h e m a t i c s  S u b j e c t  C l a s s i f i c a t i o n :  3 4 8 1 5 ,  3 4 C 1 5 ,  3 4 C 2 5  
1 .  I n t r o d u c t i o n  
T h i s  p a p e r  i s  d e v o t e d  t o  t h e  s t u d y  o f  e x i s t e n c e  a n d  u n i q u e n e s s  o f  p e r i o d i c  s o l u t i o n s  t o  t h e  
f o u r t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n  w i t h  d e l a y  o f  t h e  f o r m  
x " ' ( 1 )  +  a : i '  +  b . i '  +  h ( x ) . i ·  +  ~ElIxEl- r ) )  =  p ( t )  
(  1 . 1 )  
x
1
' ' ( 0 )  =  x ' ' ' ( 2 1 1 ' ) , i  =  0 , 1, 2 , 3 .  
w h e r e  a , b  a r c  c o n s t a n t s ,  r  e  [ O , Z I I ' )  i s  a  l i : < e d  t i m e  d e l a y .  
h  :  ~e ~ ~e i s  c o n t i n u o u s ,  p  e  L
1
2 . T  a n d  g  :  [ 0 , 2 1 1 ' ]  x  ~e ~ ~e i s  2 1 1 '  p e r i o d i c  i n  t  a n d  s a t i s f i e s  
c e r t a i n  c a r a t h c o d o r y  c o n d i t i o n s .  T h e  u n k n o w n  f u n c t i o n  x :  [ 0 , 2 1 1 ' ]  - >  ~ll i s  d e f i n e d  f o r  
0  ~ 1  ~ r  b y  x ( t - r )  =  x ( 2 1 1 ' - ( 1 - r ) ) .  
I n  a  r e c e n t  p a p e r  [ 2 )  w e  s t u d i e d  t h e  a b o v e  e q u a t i o n  w i t h  h ( x )  =  c ,  a  c o n s t ; m t ,  w i t h  g ( t , y )  
s a t i s f y i n g  c e r t a i n  n o n - r e s o n a n t  c o n d i t i o n s .  T h e  n 1 e t h o d  o f  p r o o f  u s e d  w a s  b a s e d  o n  
c o i n c i d e n c e  d e g r e e  t h e o r y  [  1 ] .  I n  o u r  p r e s e n t  s t u d y ,  w e  w i l l  a l l o w  g ( t ,  y )  t o  s a t i s f y  c e r t a i n  
r e s o n a n t  c o n d i t i o n s  a n d  t h e  t e c h n i q u e  o f  p r o o f  u t i l i s e s  t h e  L c r a y - S c h a u d c r  d e g r e e  t h e o r y  I t  
i s  p e r t i n e n t  t o  n o t e  t h a t  f o u r t h  o r d e r  b o u n d a r y  v a l u e  p r o b l e m s  w i t h  d e l a y  o c c u r  i n  a  v a r i e t y  
o f  p h y s i c a l  p r o b l e m s  ( s e c  [ 2 ] ,  [ 3  ] ) .  
.  '  
f~ s e c t i o n  2  o f  t h i s  p a p e r ,  w e  s t u d y  t h e  l i n e a r  p a r t  o f  (  1 . 1  ) .  S e c t i o n  3  d e a l s  w i t h  t h e  p r o b l e m  
o f  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s  o f  (  1 . 1 )  a n d  i n  s e c t i o n  4  w e  o b t a i n  u n i q u e n e s s  
' C o r r e s p o n d i n g  a u t h o r  E - m a i l :  a i y e l o 2 0 0 0 @ y a h o o . c ! m  
w w w . c e s e r . r e s . i n / i j m c . h l m l  
. . .  
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'  6 8  
l n t o m a t i o n a l  J o u r n a l  o f  M a t h e m a t i c s  a n d  C o m p u t a t i o n  
r e s u l t s .  W e  u s e  t h e  f o l l o w i n g  n o t a t i o n s  a n d  d e f i n i t i o n s .  L e t  ' J l  d e n o t e  t h e  r e a l  l i n e  a n d  I  t h e  
i n t e r v a l  [ 0 ,  2  r r  ] .  T h e  f o l l o w i n g  s p a c e s  w i l l  b e  u s e d :  L ' '  ~Kq =  L "  E/I~eF a r c  t h e  u s u a l  L e b e s g u e  
s p a c e s ,  I  : : : ;  p  <  o o  w i t h  x  E  L ' '  2 •  ,  2  r r  - p e r i o d i c  
{  
x :  I  ~ ~lIxI xI . . .  , x ' -
1  
a r c  a b s o l u t e l y  c o n t i n u o u s ,  x '  e  L
2
z .  a n d  
H
1
l .T =  
x < • l  ( 0 )  =  _ . < • l  ( 2 r r ) ,  i  =  0 ,  I ,  2 ,  3  ,  . . .  ,  k - 1  
(  
r
K  ) 2  A  ' . T  
w i t h  n o r m l l x l l
2
u • , ,  =  l l •  x ( l ) d t  +  l~ L  r  I  x < '
1
( 1 )  1
2  
d t  
• • I  
{  
x :  f~ ~ll IxI:i:I . . .  , x ' -
1  
a r c  a b s o l u t e l y  c o n t i n u o u s ,  x '  E  L
2
z .  a n d  
a n d  W u z . ,  =  
x
1
i l  ( 0 )  =  x < ' l  ( 2 r r ) ,  I =  0 ,  I ,  2 ,  . . .  ,  k - 1  
w i t h  n o r m  
l l x l l
2
w ' · ' · l . T  = - &  : t  r  , , \ " ( i ) ( f ) l
2
d f .  
i • O  
A  f u n c t i o n  x  e  W
4
'
2
z .  i s  a  s o l u t i o n  o f  (  1 . 1 )  i f  i t  s a t i s f i e s  (  1 . 1 )  a l m o s t  e v e r y w h e r e  o n  ~t 
2 .  S o m e  R e s u l t s  o n  t h e  L i n e a r  P a r t  
W e  s h a l l  c o n s i d e r  h e r e  t h e  l i n e a r  d e l a y  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  f o r m  
x " ·  + a : \ ' +  b . \ ' +  d  +  d ( r ) x ( r - r )  =  p ( r )  
( 2 . 1 )  
x
1
<~EMF =  x
1
D
1
EO~rFI i  =  0 , 1 , 2 , 3 .  
T h e  c o e f l i c i c n t  d  i s  n o t  n e c e s s a r i l y  a  c o n s t a n t .  W e  h a v e  t h e  f o l l o w i n g  r e s u l t s  w h i c h  a p a r t  
f r o m  b e i n g  o f  i n d e p e n d e n t  i n t e r e s t  a r e  a l s o  u s e f u l  i n  t h e  n o n - l i n e a r  c a s e s  i n v o l v i n g  (  1 . 1  ) .  
T h e o r e m  2 . 1 :  L e t  b  <  0  a n d  l e t  r ( r )  =  b -
1
d ( r )  e  e l .T .  S u p p o s e  t h a t  
0  <  r { f )  <  I  a . c  1  e  EMIO~r} T h e  f o r  a r b i C r a r y  c o n s t a n t  a  a n d  e  t h e  b o u n d a r y  v a l u e  
p r o b l e m  ( 2 , 1 )  a d m i t s  i n  w • . z l H  O n l y  t h e  t r i v i a l  S O l u t i o n .  
P r o o f :  L e t  X  e  W
4
'
2
2  . .  b e  a n y  s o l u t i o n  o f  ( 2 . 1 )  a n d  l e t  x ( t )  = X +  x ( t )  w h e r e  
'  
•  
•  
/ S S N  0 9 7 4 - 5 7 0 X  ( O n l i n e ) ,  / S S N  0 9 7 4 - 5 7 1 8  ( P r i n l ) ,  J u n e  2 0 0 9  
X =  - 2
1  
r K  x ( l ) d l  a n d  x ( / )  =  x ( l ) - X  s o  t h a t  - 2
1  
f .' · •  x ( t ) d t  =  0 .  
I f  I  , f  I  
W e  c o n s i d e r  ( 2 . 1 )  i n  t h e  f o n n  
b -
1  
[x " ·  + a : \ : +  6 ] +  [ . : C  +  l ( t ) x ( t - r ) ]  =  0  
( 2 . 2 )  
T h e n  o n  m u l t i p l y i n g  ( 2 . 2 )  b y  x - x ( t )  a n d  i n t e g r a t i n g  o v e r  [ 0 , 2 J T ]  a n d  n o t i n g  t h a t  
+ ,  f K  ( I - xEtFua:~· +  6  ) d t  =  0  
- ·  J)  
- f ;  r  ( I - x ( t ) ) x ' · ·  ( t ) d t  = - r  f
2  
( t ) d t  
W e  h a v e  o n  u s i n g  
t h a t  
- a b =  ( a - b Y  a~ b
2  
2  - 2 - 2  
0  = =  - f ;  r  ( x  -xElF~b-
1
ExD· + a : i :  + c . r )  + ( . \ '  +  f ( t ) x ( t - r ) ) } l t  
=  -~: (  " i
2
d t  +  2 \  r  ( x  - x ( t ) ) { . \ ' ( 1 ) +  f ( l ) x ( / - r ) ) d t  
~ O~ r  ( . \ ' - x ( t ) ) ( . \ ' ( 1 )  +  f ( t ) x ( l - r ) ) d /  
f .
' · •  r c •  [  L  
+  O~q ~ ( x ( f - f ) - X ( f ) )  +  2 . \ '
2  
p f  
F r o m  t h e  p e r i o d i c i t y  o f  x  i t  f o l l o w s  t h a t  
r  1
2  
( l ) d t  =  r  t
2  
( / - r ) d t  
T h e r e f o r e  f r o m  t h e  p o s i t i v i t y  o f  r a n d  b y  L e m m a  I  o f [  4 ]  w e  h a v e  
o  < :  1(  2
1
,  t r u > - r ( t ) x
2
< 1 ) } t ) +  t (  
O
~ fD[Di~u-r>-r<I>x
O
Et- r > D " '  
-~-~O I  
< :  ( j  X  I I  2 K  
( 2 . 3 )  
( 2 . 4 )  
f o r  s o m e  o  >  0 .  T h i s  i m p l i e s  x  =  0  a . e  a n d  h e n c e  x  =  x ,  h o w e v e r  s i n c e  f ( t )  *  0  w e  h a v e  
x = O  .  
'  
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l n t e m a l i o n a l  J o u r n a l  o f  M a t h e m a t i c s  a n d  C o m p u t a l i o 1 1  
C o r o l l a r y  2 . 1 :  L e t  r  b e  a s  i n  t h e o r e m  2 .  I .  T h e n  f o r  e v e r y  f i x e d  r  e  [ 0 , 2 n ' )  a n d  f o r  e v e r y  
1 1  e  L
2
z .  t h e  p r o b l e m  
x "  +  a : i : '  +  b .' V  +  c . i ·  +  d ( t ) x ( t - r )  =  u ( t )  
( 2 . 5 )  
x
1 1 1  
( 0 )  =  x
1
. ,  ( 2 J T ) ,  i  =  0 ,  I ,  2 ,  3  
a a m i t s  i n  w • ·
2
z .,  o n e  a n d  o n l y  o n e  s o l u t i o n  w h i c h  d e p e n d s  c o n t i n u o u s l y  o n  u .  
P r o o f :  T h e  o p e r a t o r  
q : xew•·z~K - ) X "  e r z z.,  
i s  F r e d h o l m  o f  i n d e x  z e r o .  T h e  o p e r a t o r  F  :  x  e  W  
4
'
2  
~ I - - )  a : i : '  + bK~+ 6  +  d ( t ) x ( t  - r )  e  i~ ~ KI i s  
I  
c o m p l e t e l y  c o n t i n u o u s .  H e n c e  T  +  F  i s  F r e d h o l m  o f  i n d e x  z e r o .  S i n c e  k e r ( T  + F ) =  { o }  
w e  c o n c l u d e  t h a t  ( 2 . 5 )  h a s  a  u n i q u e  s o l u t i o n .  T h e  c o n t i n u o u s  d e p e n d e n c e  o f  t h e  s o l u t i o n  o n  u  
f o l l o w s  f r o m  t h e  l 3 a n a c h  c o n t i n u o u s  i n v e r s e  t h e o r e m .  
T h e o r e m  2 . 2 :  L e t  a l l  t h e  c o n d i t i o n s  o f  T h e o r e m  2 . 1  h o l d  a n d  l e t  c 5  b e  r e l a t e d  t o  r  b y  
T h e o r e m  2 . 1 .  S u p p o s e  f u r t h e r  t h a t  V  e  L
2
z.,  s a t i s f i e s  0  S  V ( t )  S  f ( l )  +  c  a . e  1  e  ( 0 , 2 J T ]  w h e r e  
c  >  0 .  T h e n  
f ;  r  ( x - x ( l ) x b -
1  
( x " '  +  a :i :  +  c . i - ) +  .\'  +  V ( t ) x ( t - rF~l < !  ( c Y- ~F f x  l u
1
2
H  
( 2 . 6 )  
P r o o f :  U s i n g  ( 2 . 3 )  a n d  ( 2 . 4 )  w e  h a v e  
i ;  r  ( x - xElF~b-
1 
( x " '  +  a :i - ·  +  c . i :  ) +  . \ '  +  V ( t ) x ( t - r ) } l t  
= - f .  r  i '
2  
( t ) d t  + - &  r  ( x - x ( t ) X .v  +  V ( t ) x ( t - r ) y l t  
~ t  r  ( x - x ( I ) X x ( t )  +  V ( t ) x ( t - r ) } J t  
P r o c e e d i n g  a s  i n  t h e  p r o o f  o f  t h e o r e m  2 . 1 ,  \ o . •e  g~ 
f  , . ,  
. I  
· t p· · "  
.  ~ . , .  ,  
~f~! /  
I .  
, .  
/  
~-
I S S N  0 9 7 4 - 5 7 0 X  ( O n l i n e ) ,  / S S N  0 9 7 4 - 5 7 1 8  ( P r i n t ) ,  J u n e  2 0 0 9  
7 1  
: : ! :  r  ( i
2  
( I ) - V ( t ) x
2  
( t ) } d l : : ! :  T T  r  ( i
2  
( I ) - f ( l ) x
2  
( l ) ) d l - *  r  : /  ( l ) d l  
~cR1xl
O
t1
1
Oh - c l x i
2
1 1
1
2 K =  ( c 5 - c ) l x l
2
1 1
1
2 . <  
3 .  M a i n  R e s u l t  
D e f i n i t i o n  3 . 1 :  L e t  g :  [ 0 , 2 1 r  J x  ~ll _ _ ,  ' . H  b e  s u c h  t h a t  g ( .  x )  i s  m e n s u r a b l e  o n  [ 0 ,  2 1 r ]  f o r  e a c h  
x  e  ~e a n d  g ( t  . )  i s  c o n t i n u o u s  f o r  a . c  1  e  [0 . 2 1 r  ] .  A s s u m e  m o r e o v e r  t h a t  f o r  e a c h  r  >  0 ,  t h e r e  
e x i s t s  Y , .  e  L
2
z .  s u c h  t h a t l g ( t ,  x ) l  : 5  F~ f o r  a . c  1  e  [ 0 , 2 1 r )  a n d  a l l  x  e  [ - r , r  ] .  T h e n  s u c h  a  g  i s  
s a i d  t o  s a t i s f y  c a r a t h c o d o r y ' s  c o n d i t i o n s .  
W e  s h a l l  e s t a b l i s h  t h e  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s  t o  t h e  n o n - l i n e a r  d i f f e r e n t i a l  
e q u a t i o n  (  1 . 1 )  w h e n  t h e  n o n - l i n e a r  t e n n  g ( l ,  y )  i s  a  c a r a t h c o d o r y  f u n c t i o n  w i t h  r e s p e c t  t o  
•  
L
2
2 . t  a n d  s a t i s f i e s  c e r t a i n  r e s o n a n t  c o n d i t i o n s  s t a t e d  b e l o w .  
T h e o r e m  3 . 1 :  L e t  b  <  0  a n d  s u p p o s e  g  i s  a  c a r a t h c o d o r y  f u n c t i o n  s a t i s f y i n g  t h e  i n e q u a l i t i e s  
b  x  g ( t ,  x )  ~ 0  (  l x l  ~ r )  
L i m  S u p  f < ; ; '
1  
: 5  r { l )  
1 • 1 - )  ( 7 , J  
u n i fo r m l y  a . c  1  e  [ 0 , 2 1 r ]  w h e r e  r  >  0  i s  a  c o n s t a n t  a n d  r  e  L
1
2 . 1  i s  s u c h  t h a t  
0  <  f ( l )  < I  
S u p p o s e  f u r t h e r  t h a t  
f •  
p  =  O~ . L  p ( t ) d l  =  0  
( 3 . 1 )  
( 3 . 2 )  
( 3 . 3 )  
T h e n  f o r  a r b i t r a r y  c o n s t a n t  a  a n d  a r b i t r a r y  c o n t i n u o u s  f u n c t i o n  h ,  t h e  b o u n d a r y  v a l u e  p r o b l e m  
( 1 . 1 )  h a s  a t  l e a s t  o n e  2 T r  p e r i o d i c  s o l u t i o n  f o r  c v c . r y  f i x e d  r  e  [ 0 , 2 1 r ) .  
P r o o f :  L e t  o  >  0  b e  r e l a t e d  t o  r  a s  i n  t h e o r e m  ( 2 . 1  ) .  B y  h y p o t h e s i s  ( 3 . 1)  a n d  ( 3 . 2 )  t h e r e  
e x i s t s  r  >  0  s u c h  t h a t  
'  
, . ,  
.  
~ 
f  
i  
•  
c  
- 7 2  
l n l e m a t i o n a t  J o u r n a l  o f  M a t h e m a t i c s  a n d  C o m p u t a t i o n  
0  ~ J d ; ; s )  ~ f ( t )  +  1  
f o r  a . e  I  e  [ 0 , 2 t r ]  a n d  I  x i  ~ r .  
( 3 . 4 )  
D e f i n e  
Y ( t , x )  =  
\  
( b x r
1  
g ( t , . r ) ,  
( b r ) -
1
_ \ ; ( l , r ) ,  
- ( b r ) -
1  
g ( t , - r ) ,  
f { t ) ,  
l x l  ~ r  
O < x < r  
- r  <  x  <  0  
x = O  
W e  h a v e  0 $  Y ( t , x )  $  r ( t ) + ' Y z  
( 3 . 5 )  
F o r  a . e  1  e  [ 0 . 2 1 r ]  a n d  x  e  ~eK M o r e o v e r  t h e  f u n c t i o n  Y  ( I  , y )  s a t i s f i e s  c a r a t h e o d o r y ' s  
c o n d i t i o n s  a n d  g :  ( 0 , 2 t r  ] x  ' ) !  ~ ~e d e f i n e d  b y  
g ( t , x ( t - r ) )  =  g ( t , x ( t - r ) ) - b x ( l - r ) Y ( I ; x ( t - r ) )  
i s  s u c h  t h a t  f o r  a . e  1  e  [ 0 , 2 t r ]  a n d  a l l  x  e  ' ) ! ,  I  g ( t .  x ( t  - r ) )  f ~ a ( t )  f o r  a . e  I  e  [ 0 , 2 t r  1  x  e  ' ) !  
a n d  s o m e  a ( t )  e  L
2
2  • •  L e t  A  e  [ 0 , 1 ]  a n d  x  e  H
1
2 .  b e  s u c h  t h a t  
b -
1  
x " '  +  b -
1
d . r '  +  . \ '  +  A b -
1
h ( x ) . i '  +  ( 1 - A ) r ( t ) x ( t - r )  +  b -
1  
( 1 - A ) d  
,  
A b -
1
g ( t , x ( t - r ) ) - b -
1
A p ( 1 )  =  0  ( 3 . 6 )  
. F o r  A  =  0 ,  w e  o b t a i n  e q u a t i o n  ( 2 . 1 )  w h i c h  h y  t h e o r e m  ( 2 . 1 )  a d m i t s  o n l y  t h e  t r i v i a l  s o l u t i o n .  
f o r  A =  I ,  w e  g e t  t h e  o r i g i n a l  e q u a t i o n  (  1 . 1  ) .  T o  p r o v e  t h a t  e q u a t i o n  ( 3 . 6 )  o r  e q u i v a l e n t l y  
(  1 . 1 )  h a s  a t  l e a s t  o n e  2 t r  p e r i o d i c  s o l u t i o n ,  i t  s u f f i c e s  a c c o r d i n g  t o  t h e  L e r a y - S c h a u d e r  
m e t h o d  t o  s h o w  t h a t  t h e  p o s s i b l e  s o l u t i o n s  o f  t h e  f a m i l y  o f  e q u a t i o n s  
b -
1  
[ x " '  +  a : r ·  +  A . h ( : c ) x  ] +  ) . '  +  ( 1 - A ) r ( t ) x ( l - r )  +  A . Y ( t , x ( t - r ) ) x ( t - r )  
A b -
1  
g ( t  , x ( t - r ) ) +  b -
1  
( I - A . ) c . i - b - ' A . p ( t )  =  0  ( 3 . 7 )  
•  a r c  a  p r i o r i  b o u n d e d  i n  C
1  
[ 0 , 2 1 1 ' ]  i n d e p e n d e n t l y  o f  A .  E  [ 0 , 2 1 1 ' }  N o t i c e  t h a t  b y  i n e q u a l i t i e s  
( 3 . 5 )  o n e  h a s  
0  ~ ( 1 - A . ) f ( t )  +  A . Y ( t , x ( t - r ) )  : S  f ( t )  +  ' / i  ( 3 . 8 )  
f o r  a . e  t  e  [ 0 , 2 t r ]  a n d  a l l  x  e  ' ) !  a n d  f o r  A . =  0  e ·q u a t i o l ; l  ( 3 . 7 )  h a s  o n l y  t h e  t r i v i a l  s o l u t i o n .  
H e n c e  u s i n g  t h e o r e m  ( 2 . 2 )  w i t h  
V ( t )  =  ( 1 - A . ) f ( t )  +  A Y ( t . x ( t - r ) )  
a n d  C a u c h y - S c h w a r t z  i n e q u a l i t y  w e  g e t  
' •  [  ]  .  - .  
0  =  - f ;  f  ( x - x ( t ) ) W '  x " ·  +  a :i : ·  +  A h ( x ) x  +  .\ '  +  ( ( 1 - A . ) r ( t ) x ( t - r )  +  A Y ( t , x ( t - r ) ) x ( t - r )  
•  
•  
I S S N  0 9 7 4 - 5 7 0 X  ( O n l i n e } ,  I S S N  0 9 7 4 - 5 7 1 8  ( P r i n t ) .  J u n e  2 0 0 9  
, i b - ' g ( t , x ( t - r ) )  +  b -
1  
( I - A . ) c . i · - b - ' A . p ( t ) }  
~ ~ l x  l
2
u ' , .  - l b i " ' < l a  1 2  +  l r b >  ( l x  I +  l x l z )  
~~ f x  l
2
u ' , .  - P  ( I  x I +  I  x  1
2  
, . , . )  
T h u s  
I  X  1
2  
" ' • ·  ~ ¥ < I  X  I  +  I  X  1
2  
I I ' , .  )  
w i t h  p  >  0  i n d e p e n d e n t l y  o f  x .  I n t e g r a t i n g  ( 3 . 6 )  o v e r  [ 0 , 2 t r ]  w e  o b t a i n  
( 1 - A . )  r  f ( l ) x ( l - r ) d t  =  - b - ' . . t  r  g ( l , ( x ( t - r ) ) d t  
S i n c e  r ( t )  >  0  w e  d e r i v e  t h a t  f ;  r  f ( t ) d t  =  f  >  0  .  
7 3  
( 3 . 9 )  
•  H e n c e  i f  x ( t )  ~ r  f o r  a l l  1  e  [ 0 , 2 / T ] ,  ( 3 . 1 )  a n d  ( 3 . 9 )  i m p l y  t h a t  ( 1 - A . ) f r  <  0  c o n t r a d i c t i n g  
r  >  o .  
S i m i l a r l y ,  i f  x ( t )  $  - r  f o r  a l l  t  e  [ 0 , 2 t r ]  w e  r e a c h  a  s i m i l a r  c o n t r a d i c t i o n .  C o n s e q u e n t l y ,  
t h e r e  e x i s t s  a  1
1  
e  [ 0 , 2 t r ]  s u c h  t h a t  x ( t , )  <  r .  F r o m  t h i s  p o i n t ,  w e  u s c  e x a c t l y  t h e  a r g u m e n t s  i n  
[ 4 ]  t o  o b t a i n  
l x l
1 1
. , .  ~ C , ,  c ,  >  0  
T h u s  
l . r l z  s  c z ,  
C 2 > 0  
N o w ,  
x ( t )  =  x ( t , )  +  J .  xEsFd~ 
.  
H e n c e  
' '  
l x L .  ~ C
3
,  
C
3  
>  0  
M u l t i p l y i n g  ( 3 .  7 )  b y  i - ( t )  a n d  i n t e g r a t i n g  o v e r  [ 0 , 2 t r ]  w e  h a v e  
jKr l
O
~ ~ l a · ' l l h ( x ) l . . , l - i - 1
2
2 + 1 1  +  ~ llxl . . .  l . r l
2
l a · • l + l a · • l l a l z l · i - 1 2  + l p l 2 l . i - l 2  
T h e r e f o r e  t h e r e  e x i s t s  c~ >  0  s u c h  t h a t  
H e n c e  
lxl~~ c • .  
l . i · I , . S  C~I 
c 4  >  o  
C s  >  0  
M u l t i p l y i n g  ( 3 .  7 )  b y  - K~EtF a n d  i n t e g r a t i n g  o v e r  [ 0 , 2 t r ]  w e  g e t  
( 3 . 1  0 )  
( 3 . 1 1 )  
( 3 . 1 2 )  
( 3 . 1 3 )  
( 3 . 1 4 )  
l i l
2
z $ C
1
, ,  C 6 > 0  ( 3 . 1 5 )  
H e n c e  j .' C j . , $ C
7
,  C 1 > 0  ( 3 . 1 6 )  
'  
F i n a l l y  w e  m u l t i p l y  ( 3 .  7 )  b y  x . , .  ( I )  a n d  i n t e g r a t i n g  o v e r  [ 0 , 2 t r ]  u s i n g  ( 3 . 1 3 ) ,  ( 3 . 1 5 )  t o  g e t  
, ,  
•  
~ 
7 4  I n t e r n a t i o n a l  J o u r n a l  o f  M a t / J e m a t i c s  a n d  C o m p u l i l t i n n  
l x i • I 2 S  c . ,  C s > O  
lxDlKKKI~ c 9 ,  
C 9 >  0  
( 3 . 1 7 )  
( 3 . 1 8 )  
F r o m  ( 3 . 1 2 ) ,  ( 3 . 1 4 ) ,  ( 3 . 1 6 )  a n d  ( 3 . 1 8 ) ,  w e  c o n c l u d e  t l t < l t  t h e  s e t  o f  s o l u t i o n s  o f  ( 3 . 7 )  a r c  a  
p r i o r i  b o u n d e d  i n  C
3  
[ 0 , 2 J T ]  b y  a  c o n s t a n t  i n d e p e n d e n t  o f  s o l u t i o n s  a n d  - t  e  [ 0 , 2 J T ] .  
4 .  U n i q u e n e s s  o f  S o l u t i o n  
I n  t h e  s p e c i a l  c a s e  o f (  1 . 1 )  i n  w h i c h  h ( x )  =  C ,  C  a  c o n s t a n t ,  t h e  f o l l o w i n g  u n i q u e n e s s  r e s u l t  
h o l d s .  
T h e o r e m  4 . 1 :  L e t  a ,  b ,  c  b e  c o n s t a n t s  w i t h  b  <  0  a n d  s u p p o s e  t h a t  g  i s  a  c a r a t h e o d o r y  
f u n c t i o n  s a t i s f y i n g  
g ( . x , ) - g ( t , x l )  < f ( t )  
0 <  .  -
b ( x , - · ' 2 )  
f o r  a . e  1  e  [ 0 , 2 J T ]  a n d  a l l  x~K x
2  
e  ~11I x
1  
~ x
2  
w h e r e  r  e  L
2
2 "  i s  s u c h  t h a t  
0  <  f ( t )  < I  
T h e n  f o r  a r b i t r a r y  c o n s t a n t s  a  a n d  c  a n d  e v e r y  f i x e d  r  e  [ 0 , 2 J T )  t h e  b v p  
x · ·  + a X ' +  b . ' i  +  c i  +  g ( t , x ( t - r ) )  =  p ( l )  
x
4
. , ( 0 ) = . r
4
'
1
( 2 J T ) ,  i = 0 , 1 , 2 , 3  
h a s  a t  m o s t  o n e  s o l u t i o n  .  
•  l  
P r o o f :  L e t  u  =  x , - x 2  f o r  a n y  t w o  s o l u t i o n s  x
1
,  X 2  o f ( 4 . 2 ) .  T h e n  u  s a t i s f i e s  t h e  b v p  
. ,  :  
b -
1  
[ u " '  1 - a i i '  +  c t i  ] +  i i  +  p ( t ) u ( t - r )  =  0  
1 1
4
"  ( 0 )  =  1 1
4
'
1  
( 2 J T ) ,  i  =  0 ,  I ,  2 ,  3  
! \ l ( h c r c  P ( t )  E  e ~ K i s  d e f i n e d  b y  
p ( t )  =  g ( t , x
2
( 1 - r ) ) - J ! ( / , x
1
( 1 - r ) )  
b ( x
1  
- x
2
}  
( 4 . 1 )  
( 4 . 2 )  
S i n c e  0  <  p ( f )  ! >  f ( t )  f o r  a . e  t  e  [ 0 , 2 J T ]  w e  u s e  t h e  a r g u m e n t s  o f  t h e o r e m  2 . 1  t o  s h o w  t h a t  x
1  
· : : : :  x~ a . c  
'  
. .  I  
i " l  
1 ' 1  
I  
~ 
•  
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